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C*^ ! Abstract 

' A status report on the topic nucleon Compton scattering and polarizabilities is presented 

. with emphasis on the scalar t-channel as entering into dispersion theory. Precise values for 

' the polarizabilities are obtained leading to ap = 12.0 ± 0.6 (12.0), /3p = 1.9 =F 0.6 (1.9), 

an = 12.5 ± 1.7 (13.4), fin = 2.7 T 1-8 (1.8) in units of lO"'' fm^ and 7^^' = -36.4 ± 1.5 
QO ■ (-36.6), 7^"^ = 58.6 ± 4.0 (58.3), (7^^^ = -0.58 ± 0.20), (7^"^ = +0.38 ± 0.22) in units of 

10^^ fm^, for the proton (p) and neutron (n), respectively. The data given with an error are 
' ^ '. recommended experimental values with updates compared to [l^ where necessary, the data 

^ ^ in parentheses are predicted values. The most important recent discovery is that the largest 

I i part of the electric polarizability and the total diamagnetic polarizability of the nucleon 

are properties of the a meson as part of the constituent-quark structure, as expected from 
(-H . the mechanism of chiral symmetry breaking. This view is supported by an experiment on 

I— ' ' Compton scattering by the proton carried out in the second resonance region, where a large 

^ . contribution from the a meson enters into the scattering amplitudes. This experiment led to 

I a determination of the mass of the a meson of m^ = 600 ± 70 MeV. From the experimental 

[~«^ . Up and predicted differences (a„ — ap) neutron polarizabilities in the range q;„ — 12.0 — 13.4 

^3 ' are predicted, where the uncertainties are related to the /o(980) and ao(980) scalar mesons. 

^ : 

^ ; 1 Introduction 

cn ■ 

•• I The purpose of the present paper is to give a concise status report on the research topic of nu- 

. ■ cleon Compton scattering and polarizabilities, by describing the results achieved since the latest 

^ . review article published in 2005 [T] , partly based on published and partly on recent unpublished 

I investigations. These results include a complete precise prediction of the polarizabilities and 

their interpretation in terms of degrees of freedom of the nucleon. The progress made for the 
prediction of the nucleon structure (s-channel) part has been made possible by high-precision 
analyses [2] of photomeson data and their conversion into partial photoabsorption cross sec- 
tions for all resonant and nonresonant photoexcitation processes of the nucleon JF,!!]. These 
high-precision analyses contain the most precise information on the electromagnetic structure 
of the nucleon available at present. Using dispersion relations these partial photoabsorption 
cross sections can be transferred into polarizabilities. As a consequence we have a method to 
precisely predict the polarizabilities of the nucleon on the basis of meson photoproduction data 
which includes all processes which are considered as the degrees of freedom of the nucleon. 
However, when carrying out these predictions of electromagnetic polarizabilities one is led to a 
severe problem. The electric polarizability a predicted in this way amounts to only about 40% 
of the experimental value and the magnetic polarizability /3 overshoots the experimental value 
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by about a factor of 5. Apparently there is a missing piece in the electric polarizability and a 
strong diamagnetic component which compensates the predicted paramagnetic polarizability. 

Predictions based on models of the nucleon are in general not sensitive to details of the 
problems outlined above. On the other hand, already in 1974 T.E.O. Ericson and coworkers 
(BEFT) [5l[6] carried out calculations on the basis of dispersion relations which led to the 
discovery of the missing piece in the electric polarizability and to the missing diamagnetic 
polarizability. These authors found a way of solving this severe problem by tracing it back to 
the scalar t-channel contribution introduced by Hearn and Leader in 1962 [HE]- Quantitatively, 
the results obtained in [5l[6] remained of rather limited precision. Therefore, in the following 
years further calculations were carried out by a number of researchers with more or less success 
as far as the numerical results are concerned. The main problem persisting up to the present 
was to get data of sufficient precision for the scalar two-photon excitation process leading to 
a pion pair in the final state. This line of development is described in detail in the previous 
review [1]. 

In [1] a step further is made by asking the question how this scalar t-channel can be un- 
derstood in terms of degrees of freedom of the nucleon, a question which had never been asked 
before. Since the structure of the nucleon as observed in photomeson experiments is exhausted 
by the s-channel it was considered as likely that the i-channel is related to the mesonic structure 
of the constituent quarks. This idea was worked out in a series of investigations [311^ [9Hn] and 
proved to be extremely successful after it had been noted that the quark-level linear a model 
(QLLcrM) as developed by Delbourgo, Scadron and coworkers [TsHlT] leads to a quantitative 
agreement with the experimental data. In this way the missing part of the electric polarizability 
and the diamagnetic polarizability were traced back to the a meson as part of the constituent- 
quark structure. From the point of view of chiral symmetry breaking this does not come as a 
surprise. Chiral symmetry breaking explains the mass of the constituent quark in terms of the 
exchange of the a meson with qq loops of the QCD vacuum. This necessarily leads to a cr meson 
as part of the constituent-quark structure. 

The nucleon model introduced above containing a a meson as part of the constituent-quark 
structure is strongly supported by a Compton scattering experiment on the proton carried out at 
MAMI (Mainz) in the 1990s and published in 2001 |18pi9j . In this experiment it has been shown 
that the scalar t-channel makes a strong contribution to the Compton scattering amplitude in 
the second resonance region of the nucleon at large scattering angles. This contribution is 
successfully represented in terms of a t-channel pole located at as introduced by L'vov et 
al. in 1997 ^Oj where rria is the "bare" mas£| of the a meson, determined in this experiment 
to be nia = 600 it 70 MeV. The error given here corresponds to the uncertainty of the CGLN 
amplitude representing the ^33(1232) resonance. Details are given in section 6. In spite of 
this great success the physical interpretation of the experiment remained uncertain because the 
a meson was not a generally accepted particle at that time. This led to a delay in the final 
interpretation of the experiment, because additional detailed theoretical investigations were 
required in oder to remove the remaining uncertainties. The breakthrough came in 2006 [9] 
when it was shown that it is possible to quantitatively predict the scalar t-channel part of the 
electromagnetic polarizabilities in terms of the QLLuM and thus proving that the t-channel part 
of the Compton-scattering amplitude is a property of the structure of the constituent quarks. 
This result was further worked out in a series of additional investigation [3|l4t ll0f[T3] . 

In the course of these further investigations it was realized that the a meson provides by far 
the largest part of the scalar t-channel contribution. But there are also smaller contributions from 

Strictly speaking the bare mass is not a measurable quantity. The term "bare" mass introduced here is used 
to denote a particle with no open decay channel except for 77 (see subsection 5.4). 
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the /o(980) and ao(980) scalar mesons. These mesons together with the a meson are members of 
the scalar nonet C7(600), «;(800), /o(980) ao(980). This observation led to the attempt to extend 
the QLLcrM of [15141 7j to SU(3). The investigation carried out in [13] showed that the members 
of the scalar nonet have the same mass in the chiral limit (cl) amounting to nf^ = 652 MeV. 
This degeneracy is removed via explicit symmetry breaking by taking into account the effects 
of the finite current-quark masses, applying the rules of spontaneous and dynamical symmetry 
breaking. 

There are complementary approaches to the present topic where an explicit scalar t-channel 
is avoided whereas the pseudoscalar t-channel is taken into account. Of these we wish to cite 
the recent article "Using effective field theory to analysis low-energy Compton scattering data 
from protons and light nuclei" [2lj and "Signatures of chiral dynamics in low-energy Compton 
scattering off the nucleon" |22j . In the analyses described in [21] the polarizabilities are treated 
as free parameters. The results obtained may be compared with the present recommended values. 
In |22] a projection formalism is presented which allows to define dynamical polarizabilities of 
the nucleon from a multipole expansion of the nucleon Compton amplitudes. These dynamical 
polarizabilities may be compared with the corresponding quantities presented in section 6 of the 
present work. 

The present review is organized as follows. In section 2 we present an updated list of 
recommended experimental values for the polarizabilities. New arguments are given in favor of 

the value an = (12.5zbl.7) x 10~^fm^ of the neutron electric polarizability. A slight modification 

(p) 

of the recommended value of is found. In section 3 we derive a complete list of predicted 
contributions to the s-channel polarizabilities. In section 4 we describe the properties of the 
invariant amplitudes and their relation to the polarizabilities. Section 5 is concerned with the 
t-channel polarizabilities. Since the methods and results for the t-channel are widely unknown 
we provide an extended description of the i-channel aimed to arrive at high clarity. In section 
6 we describe Compton scattering in a large angular range and at energies up to 1 GeV, with 
emphasis on interference effects between nucleon structure (s-channel) and constituent-quark 
structure (i-channel) contributions. 

2 Definition of polarizabilities and compilation of experimental 
results 

In the following we will outline the basic relations used in our studies of nucleon Compton 
scattering and polarizabilities beginning with a classic approach to the polarizabilities. We 
will see that in addition to the electromagnetic polarizabilities a and /3 spin-polarizabilities 
7o and 7,^ for Compton scattering in the forward and backward directions are required. The 
experiments and the experimental results have been described in previous works [ll[23]. This 
makes it sufficient for the present review to only summarize the experimental results 

2.1 Polarizabilities and electromagnetic fields 

A nucleon in an electric field E and magnetic field H obtains an induced electric dipole moment 
d and magnetic dipole moment m given by 



d = 47r a E 




m = 47r /? H 



(2) 
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in a unit system where the electric charge e is given by /Att = Oem = 1/137.04. Eqs. ([T]) and 
([2]) may be understood as the response of the nucleon to the fields provided by a real or virtual 
photon and it is evident that we need a second photon to measure the polarizabilities. This may 
be expressed through the relation 

ij(2) = _l4vraE2 - i47r/3H2 (3) 

where H^"^^ is the energy change in the electromagnetic field due to the presence of the nucleon 
in the field. 



2.2 Forward and backward Compton scattering 

Compton scattering contains the most effective method to provide two photons interacting 
simultaneously with the nucleon. Therefore, Compton scattering is the method of first choice 
for the measurement of polarizabilities. The second method is the electromagnetic scattering of 
slow neutrons in the electric field of a heavy nucleus. 

The differential cross section for Compton scattering 

7iV ^ yiV' (4) 

may be written in the form 



^ = ^^|T,|' (5) 

with <^ = -^^^ in the lab frame (w, w' = lab energies of the incoming and outgoing photon) 
and $ = in the cm frame {^/s = total energy). For the following discussion it is convenient 
to use the lab frame and to consider special cases for the amplitude Tj,. These special cases are 
the extreme forward {0 = 0) and extreme backward {9 = vr) direction where the amplitudes for 
Compton scattering may be written in the form [24] 



-^[T}i]e=^ = Uoo)e'* ■ e + 5o(^) icr • {e'* x e), (6) 
ovrm 

[Tfi]e=n = U{uj)e* ■ e + g^{uj)i(T ■ {e* x e), (7) 

OTrm 

with m being the nucleon mass, e the polarization of the photon and <t the spin vector. 

The process described in ([6]) is the transmission of linearly polarized photons through a 
medium as provided by a nucleon with spin vector a parallel or antiparallel to the direction of 
the incident photon with rotation of the direction of linear polarization. The amplitudes /o and 
go correspond to the polarization components of the outgoing photon parallel and perpendicular 
to the direction of linear polarization of the incoming photon. The interpretation of ([7]) is the 
same as that of ([6]) except for the fact that the photon is reflected. In case of forward scattering 
([6]) the origin of the rotation of the direction of linear polarization may be related partly to the 
alignment of the internal magnetic dipole moments of the nucleon and partly to the dynamics of 
the pion cloud. In case of backward scattering ([7|) a large portion of the relevant phenomenon 
is of a completely different origin. This is the t-channel contribution which will be studied in 
detail in the following. It is important to realize that in contrast to frequent belief there is no 
flip of any spin in the two cases of Compton scattering. The factor cr in the second terms of 
the two equations may be interpreted as a spin dependence of scattering in the sense that the 
direction of rotation of the electric vector changes sign (from e.g. clock-wise to anti clock-wise) 
when the spin of the target nucleon is reversed. 
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The two scattering processes may also be related to the two states of circular polarization, i.e. 
helicity amplitudes for forward and backward Compton scattering. If the photon and nucleon 
spins are parallel (photon helicity = +1, nucleon helicity Aat = — ^, and net helicity in the 
photon direction A = A^ — AAr = |) then the amplitude is 

/o'/'H = /oH-5oH, (8) 

while for the spins being anti-parallel (photon helicity A^ = +1, nucleon helicity Atv = +^) ^-^d 
net helicity along the photon direction A = A^ — AAr = +^) the amplitude is 

f^^\u) = fo{u;)+go{u;). (9) 

The amplitudes /q^^ and /q^^ are related by the optical theorem to the total cross sections 
and ai/2 for the reaction 

7 + 7V-^iV*-^iV + mesons + radiative decay of N* (10) 
when the photon spin is parallel or anti-parallel to the nucleon spin: 

Im/o/^(a;) = ^0-3/2(0;), (11) 

Im/o'/'(a;) = ^ay^i^). (12) 



Therefore, 



An 

J ff ^ W 0-1/2 (w) +0-3/2 (w) ^ r ^ /TQ^ 

Im/o(w) = — = — cjtot(w), (13) 

T ^ \ w cri/2('^) - 0-3/2 (w) ^ . f . 

Imgoiuj) = — = — Aa{uj), (14) 

where (Jtot(w) = (0-1/2 ^3/2)/'^ is the spin averaged total cross section and Aa = 0-1/2 — ^3/2- 
For the backward direction we obtain 

Im/,(^^) = ^ [a{oj, AP = yes) -aioj,AP = no)], (15) 
47r 

lmg.^(uj) = — [Aa(u}, AP = yes) - Aa(oj, AP = no)] , 
Svr 

= ^{K/2(^' = yes) - 0-1/2(0;, AP = no)], 



[0-3/2 (^, AP = yes) - 0-3/2(0;, AP = no)], } 

Svr 



E^"['^3"/2M-^i/2M] (16) 



with P„ = -|-1 for AP = no (no parity change) and P„ = — 1 for AP = yes (with parity change). 
Details of the derivation may be found in [I]. 



2.3 Definition of polarizabilities 

Following Babusci et al. [23] the equations dGj) and ([7]) can be used to define the electromag- 
netic polarizabilities and spin-polarizabilities as the lowest-order coefficients in an cj-dependent 
development of the nucleon-structure dependent parts of the scattering amplitudes: 

Uco) = -{ey4TTm)Z^ + uj\a + f3) + 0{oj^), (17) 
goico) = CO [-(eVSvrm^) + w^o + 0{uj^)] , (18) 

Uico) = {l + {u'u/m^)y^^[-{e'^/A7rm)Z^ +uu'{a- ^) + 0{u^u'\ (19) 
g^ioj) = \/wa7[(eV8vrm2)(K2 + AZk + 2Z'^) + uu'j^ + ©(wV^)], (20) 
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where Ze is the electric charge (e^/47r = 1/137.04), k the anomalous magnetic moment of the 
nucleon and w' = a;/(l + ^). 

In the relations for fo{u)) and fwiu)) the first nucleon structure dependent coefficients are 
the photon-helicity non-flip (a + /3) and photon-helicity flip (a — f3) linear combinations of the 
electromagnetic polarizabilities a and /3. In the relations for go{uj) and gn{^) the corresponding 
coefficients are the spin polarizabilities 70 and 7,^, respectively. 



2.4 Interpretation of Compton scattering in terms of electric and magnetic 
fields 



Polarizabilities may be measured by simultaneous interaction of two photons with the nucleon. 
In case of static fields this may be written in the form given by Eq. ([3]). The first part on the 
r.h.s. of Eq. ([3]) is realized in experiments where slow neutrons are scattered in the electric field 
of a heavy nucleus, leading to a measurement of the electric polar izability as described by Eq. 
(flOl) . The scattering of slow neutrons in the electrostatic field of a heavy nucleus corresponds to 
the encircled upper part of panel (1) in Figure 1, showing two parallel electric vectors. Only this 
case is accessible with longitudinal photons at low particle velocities. Compton scattering in the 
forward and backward directions leads to more general combinations of electric and magnetic 
fields. This is depicted in the four panels of Figure [TJ Panel (1) corresponds to the amplitude 




Figure 1: Compton scattering viewed as simultaneous interaction of two electric field vectors 
E,E' and magnetic field vectors H,H' for four different cases. (1) Helicity independent forward 
Compton scattering as given by the amplitude fo{u}). (2) Helicity dependent forward Compton 
scattering as given by the amplitude go{^)- (3) Helicity independent backward Compton scat- 
tering as given by the amplitude /7r(w). (4) Helicity dependent backward Compton scattering as 
given by the amplitude gTri^j)- Longitudinal photons can only provide two electric vectors with 
parallel planes of linear polarization as shown in the encircled upper part of panel (1). In panels 
(2) and (4) the direction of rotation leading from E to E' depends on the helicity difference 

I — -^7 1 • 

foiuj), panel (2) to the amplitude go{^), panel (3) to the amplitude fwi^) and panel (4) to 
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the amplitude g-wiuj). Panel (1) contains two parallel electric vectors and two parallel magnetic 
vectors. Through these the electric polarizability a and the magnetic polar izability j3 can be 
measured. In panel (3) corresponding to backward scattering the direction of the magnetic 
vector is reversed so that instead of +/3 the quantity —(3 is measured. The nucleon has a spin 
and because of this the two electric and magnetic vectors have the option of being perpendicular 
to each other. This leads to the definition of the spin polarizability 7 which comes in different 
versions and 7m, respectively. The different directions of the magnetic field in the forward 
and backward direction leads to definitions of polarizabilities for the four cases 

(1) (a + /3) (forward polarizability), (21) 

(2) 7o = 7£; + 7m (forward spin-polarizability), (22) 

(3) (a — /3) (backward polarizability), (23) 

(4) 7^ = {'^E — 1m) (backward spin-polarizability). (24) 

In former descriptions of Compton scattering and polarizabilities occasionally "Compton 
polarizabilities" a and /3 have been introduced in order to distinguish them from the "static" 
polarizabilities a and /3. The advantage of Figure [1] is that firm arguments are presented that a 
distinction of this kind is quite unnecessary. 



2.5 Sum rules and s-channel polarizabilities 

At this point it is useful to give expressions for sum rules which will be used later for the 
prediction of the polarizabilities. The following dispersion integrals have been derived: 

01 + 13 = / T^dhj, (25) 

'^ = -4^1^:^'^^ (26) 

{a-(3r = -^ / Jl + —[a{u,AP = yes)-aiu,AP = no)] — , (27) 



where Pn = +1 for AP = no (no parity change) and Pn = —1 for AP = yes (with parity 
change). The sum rule for (a + /3) is the Baldin-Lapidus (BL) sum rule [25], the sum rule for 
7o a subtracted version of the Gerasimov-Drell-Hearn (GDH) sum rule [26], the sum rule for 
(a — the s-channel part of the Bernabeu et al. (BEFT) sum rule [5l|6] and the sum rule for 
7** the s-channel part of the L'vov-Nathan (LN) sum rule [27]. The two latter sum rules have 
to be supplemented by t-channel pole terms as shown in the following. 

The appropriate tool for the prediction of the polarizabilities a and /3 is to simultaneously 
apply the forward-angle sum rule for {a + f3) and the backward-angle sum rule for (a — f3). This 
leads to the following relations [3jtl0j : 

a = a^ + a\ (29) 

1 f'°° duj 
a' = [^(a;)(j(w. El, Af2, • • • ) + B{lo)(j{uj, Ml, S2, • • • )] ^, (30) 

a' = \{a-pf (31) 
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and 



with 



/3 = /3^ + /?*, (32) 
r = / [A{u)a{u:, Ml, E2,---) + B{uj)a{oj, El, M2, • • • )] — , (33) 

/3* = -i(a-/3)*, (34) 



2 

771 

cjQ = m,r + TT^, (35) 
2m 



A(.) = i l + Jl + l . (36) 



In (|29|) to (|37|) w is the photon energy in the lab system and 771,7^ the pion mass. The quantities 
a**,/3^ are the s-channel electric and magnetic polarizabilities, and a*,/3* the t-channel electric 
and magnetic polarizabilities, respectively. The multipole content of the photo-absorption cross- 
section enters through 

o-(w. El, M2, • • • ) = ^1) + o-(^, M2) + • • • , (38) 
a{oo, Ml, S2, • • • ) = o-(w, Ml) + a{oj, E2) + ■ ■ ■ , (39) 

i.e. through the sums of cross-sections with change and without change of parity during the 
electromagnetic transition, respectively. The multipoles belonging to parity change are favored 
for the electric polarizability a* whereas the multipoles belonging to parity nonchange are favored 
for the magnetic polarizability For the t-channel parts we use the pole representations 
described in [11] and the present section 5. 

It is interesting to note that the quantities A(uj) and B{u}) tend to 1 and 0, respectively, for 
m — )• 00. This implies that the mixing of parity taking place in (j30p and (j33p vanishes for an 
infinite nucleon mass. This shows that the mixing of parity may be interpreted as a "recoil" 
effect. 



2.6 Experimental results obtained for the polarizabilities 

Static electric fields E with sufficient strength are provided by heavy nuclei. Therefore, use may 
be made of the differential cross section for the electromagnetic scattering of slow neutrons in 
the Coulomb field of heavy nuclei ^28j 

^ = ^rnp {Zef Re a |a. sin ^ - |^ (l - sin } (40) 

where p is the neutron momentum and —a the amplitude for hadronic scattering by the nucleus, 
m the neutron mass and {Ze) the charge of the scattering nucleus. The second term in the 
braces is due to the Schwinger term, i.e. the term describing neutron scattering in the Coulomb 
field due to the magnetic moment of the neutron only. 

Electromagnetic scattering of neutrons has been carried out in a larger number of experiments 
where in the latest |29j the number 

a„ = 12.6 lb 2.5 10~'^fm^ (Coulomb scattering of neutrons) (41) 
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has been obtained after a correction has been carried out ^28j taking into account that in the 
original evaluation the second term in curly brackets of (j40p has been ignored. In |28j the original 
result evaluated by [29] aon. = 12-0 ± 1.5 ± 2.0 is corrected leading to a„ = 12.6 ± 1.5 ± 2.0. 
The corrected result of this last experiment on electromagnetic scattering of neutrons is very 
reasonable, where reasonable means that there is a good agreement with a later experiment [30] 
where quasifree Compton scattering by a neutron, originally bound in the deuteron is exploited. 
In the latter case 

Un = 12.5 zb 2.3 lO^^fm^ (quasi-free Compton scattering by the neutron) (42) 

is obtained. Furthermore, there are activities to exploit coherent Compton scattering by the 
deuteron and the result of a first successful experiment has been published [31j. These experi- 
ments are continued in order to improve on the precision [32]. In addition to these experiments 
on the neutron there is a large number of Compton scattering experiments on the proton which 
have been described in the previous summaries [l]l23j. 

From these data recommended polarizabilities are found and given in Table [TJ The numbers 

Table 1: Summary of experimental results on the polarizabilities. The BL sum-rule constraints 
are ap + ^p = 13.9 ± 0.3, -h /3„ = 15.2 ± 0.5 

Up = 12.0 ± 0.6, (3p = 1.9 =F 0.6, q„ = 12.5 ± 1.7, /3„ = 2.7 =F 1-8 in units of 10"^ fm^ 
= -36.4 ± 1.5, 7(") = 58.6 ± 4.0 in units of 10"^ fm^ 

given here are the same as those of [Ij except for 7^''''' where an update was necessary which was 
discussed in 

2.7 Neutron polarizability a„ determined from the experimental ap and the 
predicted difference ( 

In addition to the experimental results given in ()4ip and (j42p we may take into consideration 
a determination of the neutron polarizability from the proton polarizability by making use of 
predicted isovector components of the nucleon polarizabilities. This method has been proposed 
and applied for the first time in [11]. The relevant numbers may be found in [11] and in Tables 
[2] and of the present work. As shown before the electromagnetic polarizabilities consist of an 
s-channel contribution due to the excited states of the nucleon and a f-channel contribution due 
to the scalar mesons cr, /o(980) and ao(980). For the proton the present method of calculation 
leads to predictions which are in excellent agreement with the experimental electromagnetic 
polarizabilities. Since the experimental value for Up has an error of only 5% we may tentatively 
conclude that the present method of predicting the electric polarizabilities of the proton and the 
neutron has been tested at a level of precision of 5%. However, there is a caveat related to the 
t-channel contribution stemming from the /o(980) and ao(980) mesons which is predicted to be 
given by 

a(/o(980),ao(980)) = -^0.3 - 0.4r3. (43) 

There are very good reasons that this prediction is correct with good precision. But it would be 
of advantage to have an experimental confirmation. The excellent agreement between predicted 
and experimental polarizabilities observed for the proton means that the s-channel prediction is 



9 



confirmed to be precise, but for the t-channel only the cj-meson part and the cancellation of the 
/o(980) and ao(980) contributions are confirmed but not the sign of a(/o(980), ao(980)). This 
sign can only be determined by a high-precision experiment on the neutron and has to be left 
as an open problem as long as such an experiment has not been carried out. Because of this we 
give in the following predictions for a„ including and not including the effects of /o(980) and 
ao(980) and the latter also with a reversed sign. These predictions are 

an = +13.4 IQ-^fm^ ( /o(980) and ao(980) included), (44) 
an = +12.7 lO^^fm^ ( /o(980) and ao(980) not included), (45) 
an = +12.0 lO-^fm^ ( /o(980) and ao(980) included with reversed signs). (46) 

Apparently this rather straightforward determination of the electric polarizability of the neutron 
strongly supports the experimental results given in ()4ip and (j42p . Furthermore, there is a 
tendency towards a larger value for an rather than a smaller value than 12.0 (see PDG 2012 [33]). 
This gives us confidence that the weighted average of the two experimental results in (j4ip and 
()42p is a good choice for a recommended final result as given in Tabled] For the experiments 
to come it can be predicted that the neutron electric polarizability obtained in a high-precision 
experiment should be close to the interval a„ = 12.0 — 13.4. 

3 Photoabsorption and s-channel polarizabilities 

In the following partial contributions to the s-channel part of the polarizabilities are calculated 
from the corresponding partial photoabsorption cross sections using dispersion relations. There- 
fore, we first have to explain how these partial photoabsorption cross sections are generated. 
Two different approaches are possible which will be described in the following. The first makes 
use of total photoabsorption cross sections analyzed in terms of resonant and nonresonant par- 
tial cross sections ^34j and the other of high-precision analyses ^ of photomeson data and their 
conversion into partial photoabsorption cross sections. 

3.1 The total photoabsorption cross section 

Figure [2] shows the total photoabsorption cross section of the proton. This Figure has already 
been published in the 1970th [34j and there are more precise data available. The advantage of 
this Figure over these more recent data is that dispersion theory has been used to disentangle 
the total photoabsorption cross section into partial cross sections which can be identified with 
the s-channel degrees of freedom of the nucleon. In Figure [2] we see three main resonant states, 
the ^33(1232) state which can be excited via a M\{E2) transition and thus is responsible for 
the large paramagnetism of the nucleon, the -Di3(1520) state which can be reached via an 
E\[M2) transition and the Fi5(1680) which can be reached via an £'2(M3) transition. These 
main resonant states correspond to the three oscillator shells with oscillator quantum numbers 
= 0, = 1 and N = 2 respectively. The further weaker resonances are identified in the 
caption. 

In addition to the resonances. Figure [2] contains a continuous nonresonant part. This con- 
tinuous part of the spectrum corresponds to the nonresonant cross section where the low-energy 
part up to about 500 MeV is mainly given by the £'0+ electric-dipole (El) single-pion photo- 
production process. There are also minor magnetic-dipole (Ml) and mixed M1-E2 single-pion 
photoproduction processes. At higher energies the photoabsorption cross section is due to two- 
pion processes which mainly are of the type 7A^ — )• vr A* — )• Ntttt and, thus combine nonresonant 
and resonant processes during the absorption. 
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Figure 2: Total photoabsorption cross section decomposed into resonant and nonresonant compo- 
nents [33]. The resonances shown are the ^33(1232), Pii(1440), Di5(1520), 5ii(1535), Fi5(1680) 
and ^37(1950). The nonresonant component is of electric dipole Ei or £^0+ multipolarity as 
shown in the right panel and a mixture of El and Ml multipolarity at higher energies 

Though Figure [2] is very useful as an overview [10] for quantitative predictions of partial 
photoabsorption cross sections information is more appropriate which has been obtained in 
recent time from the study of photo-meson amplitudes [2j. This will be explained in more detail 
in subsection 3.3. 

3.2 The level scheme of the nucleon 

Figure [2] shows only the strongest resonances located below 2 GeV excitation energy. Therefore, 
it is of interest to present a complete overview over the level scheme for this energy range. Figure 
[3] shows the level scheme of the nucleon corresponding to the first three HO shells. In total four 
resonance regions are formed where resonant states with especially large strengths are found. 
Quantitative information on the strength is given in [3] in terms of integrated photoabsorption 
cross sections. In Figure [3] the strong states are depicted by thick bars. The first resonance 
region is solely due to the ^33(1232) state which as a / = 3/2 state is of equal photon-excitation 
strength for the proton and the neutron. The second resonance region is due to the -Di3(1520) 
state and to a lesser extent to the 5*11 (1535) state. The third resonance region consists of the 
-Fi5(1680) and the 1)33(1700) states. For the proton the two contributions are of approximately 
equal strength, whereas for the neutron according to the general rule for J = 1/2 states based 
on the quark model the -Fi5(1680) contribution is largely suppressed. The fourth resonance is 
due to the £37(1950) state which is of equal strength for the proton and the neutron. 

3.3 Predicted photoabsorption cross sections 

For the prediction of resonant cross sections in principle a direct calculation from the CGLN 
amplitudes is possible, provided the one-pion branching Tt^/Tj- of the resonances is taken into 
account where necessary. However, as shown in [3], a much more precise procedure is available. 
This method makes use of the parameters of the resonances extracted from the CGLN data [2j. 

For the precise prediction of o"^ = ^ ~^ ^1/2) Walker parameterization of 

resonant states where the cross sections are represented in terms of Lorentzians in the form 




(47) 
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Figure 3: The iV = {56,0^) (left), N = 1 (70, 1^;) (middle), and = 2 (56,0^), (56,2+) 
(right) partial level schemes of the nucleon 



where Wr is the resonance energy of the resonance. The functions T{q) and T*{k) are chosen 
such that a precise representation of the shapes of the resonances are obtained. The appropriate 
parameterizations and the related references are given in [3]. Furthermore, some consideration 
given in |3] shows that the peak cross section can be expressed through the resonance couplings 
in the following form 

For the total widths F^ and the resonance couplings precise data are available. Tabulations of 
values adopted for the present purpose are given in [3]. 

The cross-section difference (T3/2 — ci/2 can also be calculated directly from the CGLN am- 
plitudes. But also for this difference we propose a more appropriate procedure. This procedure 
makes use of the fact that precise values for total cross sections ctt are easier to obtain than for 
the cross section differences ~ '^1/2- Therefore, we start from the relation 

"^3/2 - ^1/2 = ^ ('^3/2 + ^1/2) = O^T (49) 

where n refers to the different resonant states. The results obtained for ax and CJ3/2 — from 
the present procedure are shown in Figures U] and [5j The resonance couplings and ^1/21 
the widths F^ and the scaling factors An entering into (j49p are tabulated in [3|. 
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Figure 4: Resonant part of the helicity independent photo-absorption cross section for the proton 
and the neutron. Thick hne: Sum of all resonances. Thin lines: Contributing single resonances. 
The energies and strengths corresponding to these resonances are given in Tables 7 and 8 of [3]. 
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Figure 5: Resonant part of the helicity dependent photo absorption cross section for the proton 
and the neutron. Thick line: Sum of all resonances. Thin lines: Contributing single resonances. 
The energies and strengths corresponding to these resonances are given in Tables 7 and 8 of [3j. 
The signs of the cross sections are given in Table 3 of [3]. 



In Figure [H we show the total resonant cross sections for the individual resonances of the 
proton and the neutron. Four resonance regions are clearly visible in both cases, however 
with the difference that for the neutron the third resonance region is largely suppressed. This 
difference may be traced back to the Fi5(1680) resonance which is smaller by a factor of 10 
for the neutron as compared with the proton. Figure [5] shows the corresponding cross section 
differences (J3/2 — o"i/2- Here again the line obtained for the Fi5(1680) resonance is largely 
suppressed in case of the neutron. 



3.4 Predicted difference of helicity dependent cross sections compared with 
experimental data 

Recent measurements at MAMI (Mainz) and ELSA (Bonn) have led to very valuable data 
for the helicity dependence of the total photo-absorption cross section of the proton and the 
neutron |35H48j . In the following we will compare experimental data obtained for the proton 
with the predictions of the present approach. We restrict the discussion to the proton because 
of the higher precision of the experimental data as compared to the neutron. 
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In Figure [6] we discuss experimental data obtained at MAMI (Mainz). In order to clearly 
demonstrate the resonant structure of the first and the second resonance we have eliminated the 
nonresonant contribution from the figure and only keep the resonant contribution. The baseline 
of the resonant contribution now is the abscissa. Technically this has been achieved by adding 
the predicted nonresonant contribution to the experimental data. The ^33(1232) and I?i3(1520) 
resonances make strong positive contributions whereas the Pii(1440) and 5'i3(1535) resonances 
make small negative contributions. During the fitting procedure it was found out that slight 
shifts of some of the parameters within their margins of errors led to an improvement of the fit 
to the experimental data. For the ^33(1232) resonance these shifts are 1232 MeV — )• 1226 MeV 
for the position of the peak, 130 MeV — )• 120 MeV for the width of the resonance and 1.26 — )• 




CO [MeV] m [MeV] 



Figure 6: Predicted difference of helicity dependent cross sections for the proton in the first 
and second resonance region compared with experimental data. The experimental data are 
taken from [36]. The nonresonant contribution is eliminated from the figure by a procedure 
described in the text. The contributions shown in the left panel are the resonances ^33(1232) 
(1), Pii(1440) (2), Di3(1520) (3), and 5ii(1535) (4). 




Figure 7: Predicted difference of helicity dependent cross sections for the proton in the second, 
third and fourth resonance region compared with experimental data. The experimental data 
are taken from [4T]. The contributions shown in the left panel are the tail of the ^33(1232) 
resonance (2), the nonresonant contribution (1), the Pii(1440), Di3(1520) (3), 5ii(1535) (4), 
511(1650), L»i5(1675), Fi5(1680) (5), 1)33(1700), ^35(1905) and ^37(1950) (6) resonances. The 
numbers given in the right panel denote the resonance regions 1-4. 

1.36 for the quantity defined in Eq. ()49p . This means that the integrated cross section and 
also the integrated energy-weighted cross section remain constant. For the -Di3(1520) resonance 
the shifts were 1520 -)> 1490 for the position of the peak, 120 MeV 130 for the width of the 
resonance. All other parameters remained unmodified compared to the predictions given in [3]. 

Figure [7] differs from Figure [6] by the fact that the nonresonant contribution is not eliminated 
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from the Figure but included into the theoretical curve. Indeed, the dip between the first and the 
second resonance shown in the right panel of Figure [7] is strongly influenced by the nonresonant 
cross sections represented by curve 1 in the left panel. In the left panel only the stronger 
resonances have been identified through a number, though all the relevant resonances have been 
shown. As in Figure [6] some shifts of parameters have been tested in order to possibly improve 
on the fit to the experimental data. The only shift of some relevance was the generation of a 
small negative contribution from the 1)33(1700) resonance by shifting the quantity An from 
-0.5. 

The importance of the findings made in Figures [6] and \7\ is that our procedure of applying 
the Walker parameterization to the helicity dependent cross section difference ~ ^1/2) 

has been tested and found valid. This makes it possible to apply this procedure also to other 
problems as there is the prediction and interpretation of the s-channel contribution to the 
forward and backward angle spin-polarizabilities 70 and 'jj^, respectively. Furthermore, we have 
clearly demonstrated that the upper part of the cross section in the right panel of Figure [7] is 
due to the ^37(1950) resonance as anticipated before |41j . 

3.5 Nonresonant excitation of the nucleon 
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Figure 8: Photoabsorption cross section (t(So+) due to s-wave single pion photoproduction 
for the proton (p) and the neutron (n). The two upper curves have been calculated in Born 
approximation. The two lower curves are empirical results [21149^150] and extrapolations between 
500 and 700 MeV 

In Figure[8]the experimental £'0+ cross section is shown together with the prediction obtained 
in the Born approximation. We see that in both cases the cross sections for the neutron are 
larger than the cross sections for the proton. For the Born approximation this has been discussed 
in the textbook of Ericson and Weise (see p. 286 of [5T]). The explanation is that for meson 
photoproduction the electric dipole amplitude i?o+ is larger for the reaction — )• ir^p than for 
the reaction — t- ir^^n because of the larger electric dipole moment in the final state. Indeed 
the ratio of the two cross sections given for the Born approximation can be obtained from ratio 
of the 7r~p and TT~^n dipole moments. The difference in dipole moments which also shows up 
in the empirical i?o+ cross sections leads to an explanation for the fact that the neutron has 
a larger electric polarizability than the proton. The empirical cross section shown in Figure 
[8] above u = 500 MeV are extrapolations of data given in [2l[l9l[50]. The extrapolation was 
necessary because this cross section is purely nonresonant only up to a; = 500 MeV. Above this 
energy the interference of cross sections from nucleon resonances is observed. The guidance for 
the extrapolation is taken from the Born approximation showing that the cross section is almost 
a straight line at energies above 450 MeV. 
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3.6 Diagrammatic representation of Compton scattering 



a) b) c) 




N* 

d) e) f) 

Figure 9: Graphs of nucleon Compton scattering, a) Born term, b) single-pion photoproduction, 
c) resonant excitation of the nucleon and d) two-pion photoproduction. The crossed graphs 
accompanying the graphs a) to d) are not shown. The t-channel graphs in e) and f) correspond 
to pointhke singularities due to the pseudoscalar meson vr'^, -q and t]' and the scalar mesons 
(7(600), /o(980) and ao(980). These graphs are shown for illustration whereas quantitative 
predictions are based on dispersion theory. 

The method of predicting polarizabilities is based on dispersion theory applied to partial 
photoabsorption cross-sections. Nevertheless, it is of interest for illustration to show the Comp- 
ton scattering process in terms of diagrams as carried out in Figure [9l We see that in addition 
to the nonresonant single-pion channel (b) and the resonant channel (c) we have three further 
contributions. Graph (d) corresponds to Compton scattering via the transition — )• Avr to the 
intermediate state. This represents the main component of those photomeson processes where 
two pions are in the final state. Graph e) is the well-known pseudoscalar t-channel graph where 
in addition to the dominant vr'^ pole contribution also the small contributions due to r] and r]' 
mesons are taken into account. Graph f) depicts the scalar counterpart of the pseudoscalar pole 
term e). At first sight these scalar pole-terms appear inappropriate because the scalar particles 
and especially the a meson have a large width when observed on shell. However, this considera- 
tion overlooks that in a Compton scattering process the scalar particles are intermediate states 
of the scattering process where the broadening due to the vrvr final state is not effective. This 
leads to the conclusion that the scalar pole terms indeed provide the correct description of the 
scattering process. Further information is given in subsection 5.4. 

3.7 Predicted polarizabilities obtained for the s-channel 

Using the sum rules given in Eqs. (i25]l to ([37l) and applying them to the photoabsorption cross 
sections given in subsections 3.3 to 3.5 the polarizabilities and spin-polarizabilities given in Table 
[2] are obtained. Lines 2-12 contain the contributions of the nucleon resonances, with the sum of 
the resonant contributions given in line 13. The nonresonant electric and magnetic single-pion 
contributions are given in lines 14-16, and the contribution due to the two-pion channel in line 
17. Line 18 contains the total s-channel contribution. 

The forward-angle spin-polarizabilities have the peculiarity that the proton and neutron 
values have different signs and both are very close to zero. Therefore these values should be 
given with an error. Taking into account the well known rules of error analysis one obtains 

^JP) = -0.58 ± 0.20, 7,5"^ = +0.38 ± 0.22. (50) 
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Table 2: Resonant (lines 2-12), single-pion nonresonant (lines 14-16) and two-pion (line 17) 
components of the polarizabilities. Line 13 contains the total resonant components and line 
18 the total s-channel component. The electric and magnetic polarizabilities are in units of 
10~^fm^, the spin polarizabilities in units of 10"'* fm'*. 





Oip 


Pv 
rp 






/o 


'0 


7^^^ 

171 


(n) 

17V 


As (1232) 


-1.07 


+8.32 
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For the proton the present result may be compared with the most recent previous evaluation 
[52j. The main result of this evaluation is 7q = —0.90 ± 0.08 ± 0.11. Other results based 
on different photomeson analyses are 7^^^ = -0.67 (HDT), -0.65 (MAID), -0.86 (SAID) and 
—0.76 (DMT). In view of the fact that different data sets have been used in these analyses the 
consistency of these results and the agreement with our result appears remarkably good. A 
comparison is also possible with the analysis of Drechsel et al. [53J based on CGLN amplitudes 

(p) (n) 

and dispersion theory. The numbers obtained are 7q = —0.6 and 7q = +0.0 based on the 
HDT parameterization. The result obtained in |53j for the proton is in close agreement with 
our result. The result obtained in |53J for the neutron confirms our prediction that the quantity 
70^^ has the tendency of being shifted towards positive values. In [531 also a detailed comparison 
with chiral perturbation theory is given which should not be repeated here. 



4 S-matrix and invariant amplitudes 

For the following part of the present paper it is necessary to outline the theoretical tools on 
a wider basis. These tools are the S-matrix for nucleon Compton scattering and the invariant 
amplitudes. 
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4.1 S-matrix 



The amplitude Tji for Compton scattering 

-f{k)N{p) i{k')N{p) (51) 

is related to the S'-matrix of the reaction through the relation 

{f\S-l\i) =i{27:)H\k+p-k' -p')Tf,. (52) 

The quantities k = (a;,k), k' = (a;',k'), p = {E,p), p' = {E',p') are the four momenta of the 
photon and the nucleon in the initial and final states, respectively, related to the Mandelstam 
variables via 

s = {k + pf, t = {k-k'f, u = {k-p'f. (53) 

The scattering amplitude Tfi may be expressed on an orthogonal basis suggested by Prange 
by means of six invariant amplitudes Tj.[u,t) leading to the general form |20] 



"^#(^1 + (7 • K)T2) - ^(Ts + (7 • K)T^) 
+^^^#^75T5 + i^^^;^75(7 • K)T,] e^n. (54) 



In (|54p v! and u are the Dirac spinors of the final and the initial nucleon, e' and e are the 
polarization 4- vectors of the final and the initial photon, and 75 = — «7o7i7273- The 4- vectors 
P', K and N together with the vector Q are orthogonal and are expressed in terms of the 
4-momenta p', k! and k of the final and initial nucleon and photon, respectively, by 

P=lip + P), Q = lik'-k) = ^{p-p') (55) 

where e^jyAo- is the antisymmetric tensor with eoi23 = 1- The amplitudes are functions of the 
two variables v and t with 

s-m^ + t/2 

" = 2^ (''^ 

and m is the mass of the nucleon. The normalization of the amplitude Tfi is determined by 

="=^"- ^ = oik ^ i^'-i'^ <^'' 

spins 

It follows from crossing symmetry of Tfi, that Ti^s.s^g and T2^4 are even and odd functions of 
respectively. 

The amplitudes Tfc(i/, t) do not have kinematic singularities, but there are kinematic con- 
straints, which arise from the vanishing of P'^, N'^ and P'^K^ in the dominators of the de- 
composition (j54p at certain values of and t. The kinematic constraints can be removed by 
introducing linear combinations of the amplitudes Tjt(z^, t). This problem has first been satis- 
factorily solved by Bardeen and Tung [55j- However, the Bardeen and Tung amplitudes contain 
the inconvenience that part of them are even functions of u and part of them odd functions. 
This inconvenience has been removed by L'vov |56j so that these latter amplitudes now have 
become standard. 
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4.2 Invariant amplitudes 



The linear combinations introduced by L'vov [56] are 



A2 
^3 

A^ 

Aa 



-[Ti+n + u{T2 + T4)], 
2 



m 



su 



m 



su 



2mTf] 



Ta 



t 



{T2 - T4) 



(58) 



The amphtudes Ai[u,t) are even functions of v and have no kinematic singularities or kinematic 
constraints. They have poles at zero energy because of contributions of the nucleon in the 
intermediate state. These poles are contained in two Born diagrams with the pole propagator 
{'^■p—m)~^ and on-shell vertices T ^{p+k,p) = 7^+[7-A;, 7^]K/4m, where k = 1.793q'— 1.913(1— g) 
is the nucleon anomalous magnetic moment. Here the electric charge of the nucleon, q = 
i(l + Ts) = 1 or is introduced. The Born contributions to the amplitudes Ai have a pure pole 
form 

me^rj(t) 



Af{v,t) 



{s — m?){u — m?) 



(59) 



where e is the elementary electric charge (e^/47r = 1/137.04) and 



-2q^ + (k^ + 2qK) 



Am? 



r2 = 2qK + + (k^ + 2qK) 



Am? ' 



rs = K + 2qK, r4 



re 



2qK-2q\ 



(60) 



4.3 Lorentz invariant definition of polarizabilities 



The relations between the amplitudes / and g introduced in Section 2.1 and the invariant 
amplitudes Ai [20l[2lj are 



/o(a;) 



2tt ivrm 



OJOJ 



f^(co) = -—{l + — 



57r(w) = - 

uj'{e = vr) 



2vr 

OJOj' 

2vrm 



UJUJ 



i\ 1/2 



Ai{u,t) 



t 



Am^ 



A5{v,t) 



'UJUJ 



A2(v,t)+ 1 



1 



4m^ 



A5{v,t) 



1 + 2^ 



u = -{uj + J), t{9 = 0) = 0, t{e = vr) 



-Aujuj.' 



(61) 
(62) 
(63) 

(64) 



For the electric, a, and magnetic, /3, polarizabilities and the spin polarizabilities 70 and 7,^ for 
the forward and backward directions, respectively, we obtain the relations 



a + /3 



1 

'2^ 



[Af (0,0) + Af (0,0 



70 



2vrm 



[Af (0,0) 



a — /? 



1 

2^ 



2vrm 



[^f (0,0) + Af(0,0)], (65) 
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showing that the invariant ampUtudes may be understood as a generahzation of the polarizabil- 
ities. 



According to Eqs. (j6ip to (j65p the fohowing hnear combinations of invariant amphtudes are 
of special importance because they contain the physics of the four fundamental sum rules, viz. 
the BEFT ([MD, LN ([671), BL dMI) and GDH 1^ sum rules, respectively: 

Ai{iy,t) = Ai{iy,t)-^A5{iJ,t), (66) 

A2{i^, t) = A2{v, t) + {l- -^-^ A^{u, t), (67) 

Asii^, t) = A3+q{u, t) = A3{u, t) + Aeiu, t), (68) 
Ai{iy,t) = A4{u,t). (69) 



5 From the Bernabeu-Ericson-FerroFontan-Tarrach (BEFT) sum 
rule to the cr-meson pole 

One of the most important discoveries made since the publication of the latest review article [1] 
is that the i-channel parts of the electric a and magnetic /3 polarizabilities can be represented by 
a cr-meson pole located at a real mass mo-, though the a meson shows up as a broad resonance in 
the 77 — )■ <T ^ TTTT reaction with the mass represented by a complex number = — i ^I'a- 
The explanation will be given in the following starting with a description of the BEFT sum rule. 

5.1 The BEFT rule 

The BEFT sum rule [StlHl lSTffBO] may be derived from the non-Born part of the invariant ampli- 
tude (see [HEO]) 

Ai{s,u,t) = Ai{s,u,t) - ■^A5{s,u,t) (70) 
by applying the fixed-0 dispersion relation for 6 = 180°. Then we arrive at 

1 r°° /I 1 1 \ 







-V 




vr 








f'OO 




vr 


'to 



(71) 



ReAr{s,u,t) = -V I (^7— ^ + ^7— ^--)Im,^i(s','u',t')ds' 

dt' 

where sq = {m + 7X1-,^)"^, to = 4m^, s' + u' + t' = 2m? and s'u' = m^. Using 

a-/3 = -—Af{m'^,m'^, 0) = (a - (3)' + {a - /?)* (72) 
27r 



we arrive at 



= - A / -J^lnlsA^{s\u',t')^ , (73) 
2vr^ s — s 



(«-/3)* = -^/ ^^tAi{s\u\t')j^. (74) 
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5.1.1 The s-channel part of the BEFT sum rule 

Using Eq. (j73p and the relation for Im/jr derived in Eq. ()15p we arrive at the s-channel part 
of the BEFT sum rule given in Eq. (I27p . The main contribution to {a — f3Y comes from the 
photoproduction of irN states. For these states, the cross-section difference can be expressed in 
terms of the standard CGLN amplitudes via 

oo 

[aioj, AP = yes) - a{oj, AP = no)]"^ = 47r| ^(-l)*^(yfc + 1)^ 

k=0 

{k + 2) {\Ek+\^ - |M(,+i)_|2) + k (|Mfc+|2 - \E^k+i)-\^) } , (75) 

where = |q| and A; = |k| are the pion and photon momenta in the cm system, respectively. 

In (|75]) the quantity [(t(w, AP = yes) — 17(0;, AP = no)] is expressed in terms of CGLN am- 
plitudes which where barely known when the first studies of the BEFT sum rule where carried 
out and remained of limited precision later on. A great improvement was possible in the present 
investigation where the difference [ct{uj, AP = yes) — o"(a;, AP = no)] is calculated from partial 
cross sections as described in section 3. 



5.1.2 The t-channel part of the BEFT sum rule 



The imaginary part of the amplitude Ai (Eq. [70|) in the t-channel can be found using the general 
unitarity relation 



Imtr(77 ^NN) = ^ Y.^27r)^^\Pn - Pi)T{^^ ^ n)T*{NN 



n) 



(76) 



where the sum on the right-hand side is taken over all allowed intermediate states n having the 
same total 4-momentum as the initial state. In the following we restrict ourselves to two-pion 
intermediate states, i.e. n = vrvr. 

The amplitudes ^'(77 — )• vrvr) and T{Tnr — t- NN) are constructed by making use of available 
experimental information on two different reactions. For the amplitude r(77 — )• tttt) this is 
the two-photon fusion reaction 77 — )• vrvr. Since there are no data on the reaction vrvr — )• NN, 
the amplitude T{tt'k — )• NN) is constructed in a dispersive approach using the well known 
amplitudes of the pion-nucleon scattering reaction vrA^ — )• A^vr. At t > unitarity shows that 
the phases of the amplitudes T(77 — )• tttt) and r(7r7r — )• NN) are the same and equal to the 
phases of pion-pion scattering, 6j, which are known from the data on the reaction vrp pirn. 

The phase-dependent factor entering into the amplitude of a narrow resonance is described 
by a Breit-Wigner curve, whereas for the present case of a very broad resonance as given by the 
functions Sj (t), a generalized version of the Breit-Wigner curve has to be used. This generalized 
phase-dependent factor is given by the Omnes pT] function 0.j(t) defined through 



Qj (t) = exp 



- / dt' „ , 

J 4ml * 



<5/(t') 



t-iO) 



exp 



5j{t')dt' 



vr ./4m2 t'(i' - t) 



(77) 



For the discussion of the properties of the T^tttt — )• A^A^) amplitude in the unphysical region 
Ami < t < AM^ we use the backward amplitude F'^~^\t) discussed by Bohannon [62]. For the 
pion scattering process the quantity t is negative, whereas for positive t the analytic continuation 
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of F(+) (t) describes the NN — )• TTTT annihilation process for the case that the hehcities of the 
nucleon and the antinucleon are the same, A = A. This provides us with a tool to construct the 
NN —7- TTTT amplitude from the measured vrA^ — t- vrA^ amplitude. Since the backward vrA^ — t- A^vr 
scattering amplitude implies also backward NN — )• tttt annihilation, it can be shown that the 
first two terms of the expansion for F^^\t) at positive t are 

fW(,) = ^^/J(,)-M^4((). (78) 

m['im'^ — t) m 

The amplitudes are the partial wave amplitudes introduced by Frazer and Fulco [63] . 

where J denotes the angular momentum of the vrvr intermediate state. The + sign denotes that 
the two helicities A and A of and N, respectively, are the same, A = A. 

The construction of both amplitudes, T{^^ — t- vrvr) and T(vrvr — t- NN), in connection with 
the scalar-isoscalar t-channel of Compton scattering has first been described and worked out 
in some detail by Koberle [8] and later discussed by several authors, of whom we wish to 
cite [SO l lBO llMtiBB] . For a very broad resonance the appropriate ansatz reads 

Fjiit) = nj{t)Pji{t). (79) 

where Pjx{t) is a real amplitude in the 77 — )• vrvr physical region and ^j{t) the phase-dependent 
Omnes function discussed above. In (j79p I is the isospin of the transition, J the angular 
momentum and A = Aj^^ the helicity difference of the two photons. In the present case we have 
A = Ai^^ = 0, so that we can omit the index A without loss of generality. The amplitudes Ff (t) 
have to be constructed such that they have the correct low-energy properties, reproduce the 
cross section of the photon fusion reaction 77 — )• vrvr and incorporate the phases Sj{t) [67ti7T] . 
For J = the following form of Eq. (j79p has been obtained [66] : 

F»(,) = «?(*){ [Frit) + AF?(0] Re^ - [r ^ [Ff ■»(0 + AF?(ni.m^^ 

+ + (80) 

The expression in Eq. (jSOp is given for the s-wave amplitude where contributions going beyond 
the Born approximation have been taken into account. The leading term in (jSOp is a superpo- 
sition of a Born term, F^'^{t), and a pion-structure dependent correction, AFj{t). Since the 
reactions 77 — t- vr^vr", vr^vr^, vr'^vr'^ show up with two components having isospin 1 = 2 and one 
component having I = we have to take into account these two isospins with the appropriate 
weights (for details see [T]). 

The amplitudes of interest for the prediction of (a — /?)* are the S-wave amplitude FQ{t) and 
the D-wave amplitude F^^t) with the D-wave amplitude leading to only a small correction. It, 
therefore, is appropriate to restrict the discussion mainly to the amplitude -Fq (t). The essential 
property of this amplitude is provided by the Omnes function which introduces a zero crossing 
of the amplitude at about 570 MeV. This zero crossing may be considered as a manifestation of 
the a meson which shows up through the phase-shift 5o(t) of the correlated vrvr pair. 

If we restrict ourselves in the calculation of the t-channel absorptive part to intermediate 
states with two pions with angular momentum J < 2, the sum rule (|74p takes the convenient 
form for calculations [6]: 

m'-l)(l-ml)flit)Ft{t)], (81) 
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where ' (t) and Fq ' (t) are the partial- wave hehcity amphtudes of the processes NN — t- tttt 
and TTTT — >• 77 with angular momentum J = and 2, respectively, and isospin 1 = 0. 

5.2 Test of the BEFT sum rule 

Though being the first who published the BEFT sum rule in its presently accepted form, Bern- 
abeu and Tarrach [6j were not aware of the appropriate amplitudes to calculate this sum rule 
numerically. Also the first calculation of Guiasu and Radescu [57J remained incomplete because 
the amplitudes were used in the form of their Born approximation and, as the major drawback, 
the correlation of pions was not taken into account. Table [3] summarizes those results of tests of 

Table 3: Numerical evaluation of the BEFT sum rule, with corrections a) and b) supplemented 
by the present author. The unit is 10~^fm'^. 





(op - /3p)* 


(op - /?p) 


authors 


-4.92 

-4 

-5.42 
-5.56 

-(5.0 ± 1.0) 


+9.28") 
+10.4^) 
+8.6 
+16.46 
+(14.0 + 2.0) 


+4.36 
+6.4 

+(10.7+0.2)^) 
+(9.0 + 2.2) 


Guiasu, Radescu, 1978 [58j 
Budnev, Karnakov, 1979 [59] 
Holstein,Nathan,1994 [60] 
Drechsel,Pasquini, Vanderhaeghen,2003 [65] 
Levchuk, 2004 [66j 


-4.96 


+15.0^) 


+10.0 

+10.1 + 0.8 


present prediction 
experiment 



a) corrected for the D-wscve contribution (—1.7) included. In an earlier work Guiasu and Radescu 
|57j used the Born approximation without vrvr correlation for both amplitudes NN — )• vrvr and 
vrvr — )• 77 and arrived at (a — /3)* = +17.51. 

b) correction for the polarizability of the pion (+3.0) included. 

c) best value from a range of results given by the authors |65j . 

d) (T-pole contribution. 

the BEFT sum rule where at least the tttt correlation is taken into account. In the early works of 
Guiasu and Radescu [58] and Budnev and Karnakov [59j some missing pieces in the results were 
identified which are supplemented in Table [3] on the basis of the results given by Holstein and 
Nathan [60] . In case of the Holstein and Nathan result [60] we interpret the rather conservatively 
estimated upper and lower bounds as errors. In case of the Drechsel et al. result [65] we quote 
the s-channel and t-channel contributions calculated at ^ = 180°. The total result {op — f3p) is 
the best value for this quantity extracted by the authors from results obtained in the angular 
region 140° < 9i^^ < 180°. 

As will be shown in the following the present prediction given in line 7 of Table [3] is much 
more precise than the previous predictions given in line 2-6. The reason is that the rather 
complicated evaluation of the BEFT sum rule is replaced by the straightforward evaluation 
of the well founded u-meson pole. Furthermore, it will be shown that the cj-meson pole has 
a transparent interpretation in terms of chiral symmetry breaking. The (7r,cj) quartet may 
be considered as part of the mesonic structure of the constituent quark. Of these mesons the 
(7r*^,o") doublet has the capability of interacting with two photons and, therefore, to contribute 
to nucleon Compton scattering and the polarizabilities. 
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5.3 Comparison of the BEFT sum rule and the a meson pole 



The tt" singularity enters into the invariant amphtude A2 and the a singularity into the invariant 
amplitude Ai [20]. Starting this section with the discussion of the properties of the 7r*^-meson 
pole we may write down 



(82) 



where A^(7r'^ — )• 77) is the transition matrix element and g^NN the pion nucleon coupling 
constant and m^o the vr*^ mass. The dispersion relation for the vr'^-pole contribution is given by 



to 



^mA2{t')- 



dt' 



t' -t-iO 



(83) 



with the solution for a point like singularity |27j 



NN 



2 

77-u 



(84) 



Though the foregoing few steps of arguments are very straightforward the interpretation of the 
result given in Eq. (I84p needs some comments referring to the kinematics of the two photons. In 
two-photon decay and two-photon fusion reactions the two photons move in opposite directions. 
Translating this into a Compton scattering process we arrive at the conclusion that the scattering 
angle is 9 = ir. Smaller scattering angles apparently require a kinematical correction which will 
be considered later. In addition there are contributions from the r] and r]' mesons so that the 
pseudoscalar t-channel amplitude for = vr becomes 



A 



n°+ri+ri' 



-T3 + — — : — — h — : — — , (85) 



2 



t 



where the quantities ^^otvat, etc. are the meson-nucleon coupling constants and the quantities 
M{'K^ — >• 77), etc. the two-photon decay amplitudes. 

This leads us to the following consideration for the scalar counterpart of the pseudoscalar 
t-channel contribution. The BMFT sum rule calculates (a — /3)* from the reaction chain 



77 



a 



vrvr 



NN 



(86) 



with small additional contributions from the /o(980) and ao(980) mesons. These scalar mesons 
are known to exhaust the 77 — 7>meson-meson channel below the NN threshold. Now we notice 



7t" 




cut 



a) 



b) 



c) 



Figure 10: vr*^ and a pole graphs. 
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that Eq. (f86l) describes a computational method but not the t-channel Compton scattering 
process, which is described through 



77 ^ cj ^ NN. (87) 

The reason is that in the Compton scattering process only one intermediate state is possible, 
i.e. the creation of a cr meson as part of the constituent-quark structure, whereas two or more 
intermediate states following each other are forbidden. This difference between computational 
method and t-channel Compton scattering is illustrated by the graphs in Figure [TOj Graph b) 
describes the t-channel scattering process and graph c) the computational method where an 
intermediate pion loop is introduced so that the BEFT sum rule can be evaluated. On the basis 
of this consideration we can write down the scalar analog of Eq. (j85[) in the form 



A^+fo+aof.^ _ 9aNNM{cr 77) gfoNNMjfo 77) gaoNNM{ao ^ 77) 
^1 V') ~ J. 9 ' J. 2 ~'~ J. 9 ^3- 

t — m% t — nij^ t — 



At this point the mass rrif^ is a parameter and it has to be clarified how the mass m„ has to be 
interpreted. This will be done in the next subsection. 



5.4 Structure of the a meson 

We restrict the present outline to the main argument and refer to |141I721 [73] for further details. 
The a meson is a strongly decaying particle which may be described by a propagator in its most 
general form 

where mi, is the "bare" mas^and n(s) a "vacuum polarization function" |72p73j . The imaginary 
part of n(s) may be obtained from unitarity considerations applied to the meson-meson decay 
channels. Since the "vacuum polarization function", n(s), is analytic, its real part can be 
deduced from the imaginary part by making use of a dispersion relation. In a further step we 
may write the propagator in the form 

m^(s) - s - «mBwrtot(s) 

having identified 

Imn(s) , , 

Ttot = — (91) 

mew 

and 

m2(s) = + Re(s) (92) 
where m?{s) is the running mass square and mew the Breit-Wigner mass given by 

"^BW = "^b + Ren(m|w)- (93) 

Up to this point the variable s is a real quantity. But it is possible to shift this variable s into 
the complex plane such that the denominator in Eq. (|89p is equal to zero. Then the propagator 
may be written in the form 

P{s) = ^— (94) 

SR- S 



■^The term "bare" mass is used to describe the mass of a particle where only the 77 decay channel is open and 
correspondingly the meson-meson channels are closed 
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corresponding to a pole on the second Riemann sheet at sr = {Mr — ^ ir^)^. For the cr-meson 
the "bare" mass^ is ma = 666 MeV (see [13] and the next subsection) whereas for the quantities 
Ma and T„ the results = 441+3'^ MeV and = 544^25 [Zl] have been obtained. Further 
details may be found in [13l[75] . 

In case of Compton scattering the two-photon fusion reaction 77 — )• o" — t- NN has to be 
considered instead of the reaction 77 — )• o" — >• tttt. This leads to the consequence that n(s) = 0, 
because obviously there is no open meson-meson decay channel. Therefore, the propagator given 
in Eq. ()89p has the form 

P{s) = . (95) 

— s 

For the Compton scattering amplitudes the pole described in Eq. (j95p corresponds to a pole 
on the positive f-axis at to = "^6- This leads to the scalar pole terms given in Eq. ([88|) by 
identifying m;, with m-o- and the other masses, respectively. 



5.5 The quark level linear a model (QLLaM) 

Now we come to the fundamental problem how the a meson and the other scalar mesons enter 
into the structure of the nucleon. First we notice that quite obviously the constituent quarks 
couple to all mesons having a nonzero meson-quark coupling constant. This statement is non- 
trivial because there are approaches where only Goldstone bosons are taken into consideration. 
Second we restrict the discussion to SU{2) and refer to a generalization to SU{3) given in |14j . 
Then we arrive at the description of chiral symmetry breaking given in the following. 



The QLLcM |15j combines the linear a model (j96p with two versions of the Nambu-Jona- 
Lasinio model [76], the four-fermion versions of Eq. (I97p and bosonized versions of Eq. (I98p 

Ca = ^d^Tv ■ d>^7v + ^d^ad^a + ^(ct' + tt^) - ^{a^ + Tr^f + f^mla, (96) 

>Cnjl = ^(if) - mo)ij + ^ + {i^ij^ri^f] , (97) 

>C'njl = i^ipi^ - 9^{o- + i75T • tt)-;/' - ^6fi^{a'^ + tt^) + ^^a, (98) 



G = g^/6fi^ 6fi^ = {m'^f, G = X/{V2m'^^f, g = ^/X/2, (99) 



where denotes the mass of the a meson in the chiral limit (cl). Eq. ()96p describes sponta- 
neous chiral symmetry breaking in terms of fields where a mexican hat potential is introduced, 
parameterized by the mass parameter > and the self-coupling parameter A > 0. Explicit 
symmetry breaking is taken into account by the last term which vanishes in the chiral limit 
TTT-Tr — >■ 0. In contrast to this Eqs. (I97p and (I98p describe dynamical chiral symmetry breaking 
in terms of u and d constituent quarks as the relevant fermions. In Eq. (j97p the interaction 
between the fermions is parameterized by the four-fermion interaction constant G and explicit 
symmetry breaking by the average current-quark mass mg. Eq. (|98p differs from (|97p by the 
fact that the interaction is described by the exchange of bosons. This leads to the occurrence 
of a mass counter term parameterized by 5fi'^. Eq. (j99p shows how these different parameters 
are related to each other. 

In more detail, the bosonization starts with the following ansatz [77] 

(7 = --ViV', (100) 
9 

G 

TV = ipi'y^T'ip. (101) 

9 
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This ansatz leads to the relation 



2G 

and therefore converts 



2 _ G - - 

(^2 + T,'^)-^g{a + i -f5T)ij = - [{ijlPf + (^i 75 T ^j)^] (102) 



C = ^i}{ip- mo)V' + ^ [(V^V')' + 75 r V')'] (103) 

into 

/: = ^ - <7(^ + • T 75))^^ - ^ {ct' + tt^) + (104) 

The use of two versions of the NJL model has the advantage that for many applications the 
four-fermion version is more convenient whereas the bosonized version describes the interaction 
of the constituent quark with the QCD vacuum through the exchange of the (tt, a) meson quartet 
which we consider as the true description of the physical process. 

Using diagrammatic techniques the following equations may be found [78l[79] for the non- 
strange (tTjO") sector 

fl = -UN.M'-f fi = -4iyV.,M/|^j^-,-L^.(106) 

The expression given on the l.h.s. of (jlOSp is the gap equation with M* being the mass of the 
constituent quark with the contribution mo of the current quarks included. The r.h.s. shows 
the gap equation for the nonstrange (nn) constituent-quark mass M in the chiral limit. The 
l.h.s. of Eq. (jl06p represents the pion decay constant and the r.h.s. the same quantity in the 
chiral limit. For further details we refer to [9lll5j. 

Making use of dimensional regularization the Delbourgo-Scadron |15] relation 

M = ^J^\ N, = 3 (107) 

may be obtained from the r.h.s of Eqs. (jl05p and (jl06p . This important relation shows that the 
mass of the constituent quark in the chiral limit and the pion decay constant in the chiral limit 
are proportional to each other. This relation is valid independent of the flavor content of the 
constituent quark, e.g. also for a constituent quark where the d-quark is replaced by a s-quark. 
Furthermore, it has been shown [80. 81j that (I107p is valid independent of the regularization 
scheme. 

An update for the mass prediction for the a mesons is obtained by using the more recent 
result for the pion decay constant as given in [33]. This leads to the neutral-pion decay constant 

U = (92.21 ± 0.15) MeV (108) 

and via a once-subtracted dispersion relation |82] 

^-f-^^-2.S% ,109) 

to 

/^i = /^(l - 0.028) = 89.63 MeV. (110) 
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Then the update of the mass of the a meson is 



ml^ = 650.3 MeV (111) 

and 

rua = [(m^')2 + m2]i/2 = 664 MeV (112) 

which agrees with the standard value [9j nia = 666 MeV within 0.3%. 

It is interesting to note that the QLLuM for Nc = 3 nonperturbatively predicts the parame- 
ters of the potential entering into the linear a model to be A = = 26.3 and = ^J^2-Kf^ = 
459.8 MeV, whereas these quantities remain undetermined when only spontaneous symmetry 
breaking as given in ()96p is considered. 

For sake of completeness we wish to mention that in addition to the aspects of the QLLcM 
as outlined above we may write the SU(2) interaction part of the QLLuM Lagrangian density 
in the form |15yi6j 

^LaM = 9i>{<^ + il^r ■ 7v)i; + g'a{a^ + tt^) - ^{a^ + tv^ ■ (113) 

Here a denotes the a field after the shift of its origin to the vacuum expectation value /jr has 
been carried out. The fermion fields refer to constituent quarks as described in |15|ll6j. Eq. 
(|113p allows to generate expression for the n — a — tt and a — a — a coupling constants which, 
however, are not of importance for the present considerations. 

Of the different options to describe chiral symmetry breaking we adopt the bosonized NJL 
model as the one which describes the a meson as part of constituent-quark structure in the most 
transparent way. The linear a model is only discussed for sake of completeness. Simultaneously 
a definite prediction of the a meson mass is obtained. The prediction of the transition amplitude 
A^((T — )• 77) requires the knowledge of the quark-structure of the a meson where we have the 
option of a qq structure and a tetraquark structure. As has been shown in detail in [H] these two 
options do not make a difference in the present case because the two-photon interaction takes 
place with the qq structure in any case. This qq structure either serves as the intermediate state 
in nucleon Compton scattering or as a doorway state in case of the tetraquark structure [13] in 
the reaction chain 77 — )• {uu + dd)/V^ uudd ^ vrvr. Therefore, the qq structure may be used 
for the prediction of A^((T — )■ 77). 

The results obtained in the present subsection may be compared with a more general treat- 
ment of the topic in "Constituent-quark masses and the electroweak standard model" [83] . 



5.6 The QLL(tM and polarizabilities 

As before we start with pseudoscalar mesons and the corresponding spin-polarizability and 
thereafter turn to scalar mesons and the corresponding polarizability difference [a — 13)*. 

The main part of the t-channel component of the backward spinpolarizability is given by 



TT 



V2 



{-\uu) + \dd)), A^(^°^77) 



t ^ 9^0 NN A^(7r°^77) 

77-u 



46.7 T3 lO-^fm"^. 



+ 



(114) 
(115) 



28 



Analogously, we obtain for the main t-channel parts of the electric (a) and magnetic polar- 
izabilities the relations 



\a) = ^{\uu) + \dd)), M{a^jj) = ^^ 



I) 



2'irm'i 



a^,„ = +7.6 10-*fm^ /3;„ 



= 15.2 10- (a + = 0, 
7.6 lO^^fm^ 



(116) 

(117) 
(118) 



where use is made of g^NN = OaNN = 13.169 ± 0.057 [84j and rua = 664 MeV as predicted by 
the QLLuM. The sign convention used in the qq structure of the vr'' meson follows from [85j. 
It has the advantage of correctly predicting the sign of the vr'^-pole contribution. These main 
contributions to the polarizabilities q, /3 and 7,^ have to be supplemented by the s-channel 
components and by the small components due to the scalar mesons /o(980) and ao(980) in case 
of the polarizabilities a and /3 and due to the pseudoscalar meson tj and rj' in case of Jt^. 

The appropriate tool for the prediction of the polarizabilities a and /3 is to simultaneously 
apply the forward-angle sum rule for (a + /3) and the backward-angle sum rule for (a — /3). This 
leads to the relations derived in [SlfTU] and shown in subsection 2.5. From the expression for the 
scalar t-channel amplitude given in (I88p we obtain 



/ a^t 9aNNM{a ^ j-y) gfoNNM{fo ^ jj) gaoNNM{ao ^ -yy) 
(o^-l^) = w + + = 



27rm^ 

JO 



27rm2^ 



(119) 



and with (a + /?)* = 



a 



/3* 



-(a-fSy, 



1 



-(a-/3)* 



(120) 
(121) 



The t-channel part of the backward spin-polarizability is given by |lH I27j 



7,1 



2-Km 



g-KNNMilT^ 77) , gr,NNM{ri 77) grfNNM{l]' 77) 
Ts H 7^ h 



2 

m 



mi, 



The numerical evaluation of these contributions has been described in detail in previous 
papers [3l[TT]. Here we give a summary of the final predictions and the experimental values to 
compare with in Table [4] and [5l The most interesting feature of the polarizabilities as given 
in Table [5] is the strong cancellation of the paramagnetic polarizabilities which is mainly due to 
the ^33(1232) resonance by the diamagnetic term which is solely due to the constituent-quark 
structure. 

A further interesting conclusion concerns the two-photon width of the a mesons which can 
be calculated from the data given in (|116p . Given the nonperturbative QLLcjM a meson mass 
of 664 MeV the amplitude for the o" — )• 77 decay for A'c = 3 and /t^ = 92.21 MeV is 

A^(fj ^ 77) = = 0.042 GeV"^ (123) 

37r/^ 

and the decay width 

3 

^77 = ^ 77)1' = 2.6 keV. (124) 
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Table 4: Backward spinpolarizabilities for the proton and the neutron [3] and Table El 



spin polarizabilities 


7t 


(n) 


vr*^ pole 


-46.7 


+46.7 


rj pole 


+1.2 


+1.2 


r]' pole 


+0.4 


+0.4 


const, quark structure 


-45.1 


+48.3 


nucleon structure 


+8.5 


+10.0 


total predicted 


-36.6 


+58.3 


exp. result 


-(36.4 + 1.5) 


+(58.6 + 4.0) 




unit 10 ^ fm^ 



Table 5: Polarizabilities for the proton and the neutron [3] and Table [2] 





Up 




On 


/3n 


a pole 


+7.6 


-7.6 


+7.6 


-7.6 


/o pole 


+0.3 


-0.3 


+0.3 


-0.3 


oo pole 


-0.4 


+0.4 


+0.4 


-0.4 


const, quark structure 


+7.5 


-7.5 


+8.3 


-8.3 


nucleon structure 


+4.5 


+9.4 


+5.1 


+10.1 


total predicted 


+12.0 


+1.9 


+13.4 


+1.8 


exp. result 


+(12.0 + 0.6) 


+(1.9 + 0.6) 


+(12.5 + 1.7) 


+ (2.7 + 1.8) 




unit 10-4 fm^ 



Prom Table[5]we obtain that the predicted and the experimental electric polarizabilities Op of 
the proton are in excellent agreement with each other. Furthermore, the experimental quantity 
Op has an experimental error of ±5% which may be used to calculated the experimental error 
of the two-photon width P^^ of the a mesons. This rather straightforward consideration leads 
to P^^ = 2.6 + 0.3 keV [S]. 

6 Compton scattering in a large angular range and at energies 
up to 1 GeV 

In the foregoing we have restricted our considerations to the forward and the backward directions. 
This is of advantage as long as we are interested in theoretical aspects of nucleon Compton 
scattering and polarizabilities, because transparent definitions of the polarizabilities are possible 
which may be used for theoretical predictions. Compton scattering experiments are only possible 
in an interval of intermediate angles ranging from about ^lab = 30° to 150°. This means that 
the experimental determination of polarizabilities can only be obtained from data measured at 
these intermediate angles. In addition to this the invariant amplitudes Ai(s,t,u) (i=l-6) may 
be considered as generalized polarizabilities containing valuable information about interference 
effects between different phenomena contributing to the Compton scattering process. Of these 
the interference of scattering from the s-channel and the f-channel is of particular interest because 
it is related to degrees of freedom stemming from the photoexcitation of the nucleon on the one 
hand and from photoexcitation of the mesonic structure of the constituent quarks on the other. 
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Compton scattering by the nucleoli at energies up to 1.2 GeV has been studied by many 
groups in different laboratories over a long period of time. The final interpretation of these 
experiments has been carried out by L'vov et al. in 1997 |20] where a precise method for 
the calculation of scattering amplitudes is developed, based on non-subtracted fixed-t dispersion 
theory. This dispersion theory requires the introduction of asymptotic or t-channel contributions, 
leading to the introduction of the cr-meson pole amplitude in addition to the well known 7r*^-meson 
pole amplitude. At this status of development the large-angle Compton scattering experiment 
was carried at MAMI (Mainz) |18pi9j which is already described in the introduction. This 
experiment precisely confirmed the dispersion theory developed by L'vov et al. [20] . 

In spite of this great success fixed-f dispersion theory has a disadvantage, because the in- 
tegration paths for the s-channel dispersion relations are to a large extent in the unphysical 
region. This is not of relevance for the prediction of Compton differential cross sections but 
it makes the interpretation of the amplitudes intransparent. For illustration Figure [11] shows 
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Figure 11: Singularities of the s- and the t-channel. Horizontal thick line: s-channel cut rep- 
resenting the nucleon (s-channel) degrees of freedom, with u being the energy of the incoming 
photon in the lab system. Squares and circles on the vertical real t-axis: f-channel poles rep- 
resenting the constituent-quark degrees of freedom. The physical range of nucleon Compton 
scattering extends from the line at = to the line at 6 = n. 

the physical range of Compton scattering and the location of the singularities of the Compton 
scattering amplitudes in the s-t-plane. At 9 = the integration path of the dispersion integral 
coincides with the s-channel cut shown in Figure [11] which of course is located in the physical 
range. However, for larger negative t the integration paths enter the area in the left part of the 
s-i-plan which is located outside the physical plane. 

Subtracted fixed-t dispersion theory [50]|65] has been applied and tested in the A-resonance 
region and below but there is no information how it performs at higher energies. In order to 
overcome the disadvantages inherent in fixed-t dispersion theories Drechsel et al. |65j have pro- 
posed to use hyperbolic dispersion relations which are essentially equivalent to fixed-0 dispersion 
relations. As will be outlined in the following the integration paths of hyperbolic dispersion rela- 
tions keep the angle 9iab fixed whereas the angle 0cm becomes dependent on the photon energy uj. 
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Fixed-0 or hyperbolic dispersion relations are easy to apply at 6* = 180° but become increasingly 
uncertain at smaller angles. Especially, the evaluation of the t-channel contribution based on a 
scalar-isoscalar t-channel cut breaks down at scattering angles of ^lab < 101°. 

This difficulty may be avoided by replacing the t-channel cut by i-channel poles as pro- 
vided by the QLLcrM. Since this new type of approach has never before been investigated it is 
appropriate to include a detailed description in the present status report. 

6.1 Kinematics of Compton scattering 

The conservation of energy and momentum in nucleon Compton scattering 

7(A:, A) + N{p) ^ -f\k', A') + N'{p') (125) 

is given by 

k + p = k'+p' (126) 

where k and k' are the 4-momenta of the incoming and outgoing photon and p and p' the 
4-momenta of incoming and outgoing proton. Mandelstam variables are introduced via 

s = {k + pf = {k' + p'f, t = {k- k'f = {p' - pf,u = {k- p'f = {k' - pf, (127) 
s + t + u = 2m^. (128) 

with m being the nucleon mass. 

In terms of the Mandelstam variables the scattering angle in the cm system is given by 

sin2% = -^^^^. (129) 

The t-channel corresponds to the fusion of two photons with four-momenta ki and k2 and 
helicities Ai and A2 to form a f-channel intermediate state \t) from which - in a second step - a 
proton-antiproton pair is created. The corresponding reaction may be formulated in the form 

7(^1, Ai) + 7(^2, A2) ^ N{pi) + N{p2). (130) 

Since for Compton scattering the related NN pair creation-process is virtual, in dispersion 
theory we have to treat the process described in (|130p in the unphysical region. In the cm frame 
of (fnojl where 

ki+k2 = (131) 

we obtain 

Vt = V(fcl + ^2? =UJi+U2 = W\ (132) 

where is the energy transferred to the t-channel via two-photon fusion. At positive t the 
t-channel of Compton scattering — )■ A^7 coincides with the s-channel of the two-photon 
fusion reaction 71 + 72 — >■ NN . 



6.2 Hyperbolic dispersion relations 

Hyperbolic dispersion relations have been introduced by Hite and Steiner [86j and further eval- 
uated by Hohler [87j and Drechsel et al. [65]. Hyperbolic dispersion relations start with the 
ansatz 

(s — a){u — a) = {a — m^)^, s + t + u = Im^, (133) 
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where a new parameter a is introduced. From (I133p this new parameter is derived in the form 

{s - Tn^f + St 

a= , (134) 

or in terms of the cm scattering angle 9cm as given in (|129p and the lab scattering angle ^lab^ 

. 1 - sin^ ie^iab 



.2 1, 



sm 



2 la 
2 "cm 



-m 



sin^ i6'iab 



(135) 



After introducing the parameter a hyperbolic dispersion relations may be written down in 
the form 



ReAi{s,t,a) = A^{s,t,a) + A] P"'\s,t,a 



t—pole j 



TT 
TT 



oo 

ds lm.sAi{s , t, a) 

°° lmtA{s,t',a) 
t'-t 



1 1 
+ 



(136) 



where Af{s, t, a) is the Born term and ^°'^(,s, t, a) the pole in the t-channel. The discontinuity 
in the s-channel, lms{s' ,t,a), is evaluated along the path given by 

{s' -a){u' -a) = {a-m'^f, s' + t + u' = 2m2, (137) 

and the corresponding quantity of the t-channel, luit Ai{s,t' ,a), along the path given by 

{s - a){u - a) = {a - m^ f , s + t' + u = 2m^ . (138) 

The Mandelstam variables denoted by a tilde are those which do not enter directly into the 
dispersions integral, i.e. t in case of the s-channel dispersion relation, and s and u in case of the 
t-channel dispersion relation. 



6.3 Dispersion relations for the s-channel 

Hyperbolic dispersion relations for the s-channel are given by the second line of Eq. ()136p . The 
last term in the square bracket is constructed such that it provides integration paths located in 
the physical range for all scattering angles. This is illustrated in Figure [12] where integration 
paths are given in a t — u' plane with 

s' = m^ + 2mu', (139) 

relating the Mandelstam variable s' to the photon energy lo' in lab frame. The integration path 
(1) corresponds to a = and 0iab = 180°, (2) red or black curve to a = — and Oi^b = 90°, 
(3) red or black curve to a = — 3m^ and ^lab = 60°, (4) red or black curve to a = — lOm^ and 
^lab = 35.1°, (5) red or black curve to a = — lOOm^ and 6'iab = 11.4°. Hyperbolic dispersion 
relations correspond to integration paths with constant ^lab- In principle this is equivalent to 
using fixed-^cm dispersion relations, except for the fact that slightly different integration paths 
have to be applied in order to cover the physical range of the t—uj' -plane. This is shown in Figure 
[12] where also fixed-^cm integration paths are given, represented by the green or grey curves. 
The only difference between these two options is that for the hyperbolic dispersion relations 
the s-channel parts have a somewhat more convenient form whereas the t-channel parts are 
identical in the two cases. It is interesting to note that the total backward hemisphere in the 
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Figure 12: Integration paths of hyperbolic dispersion relations for different quantities a: (1) 
a = (^cm = ^lab = 180°), (2) red or black curve: a = —m? {Oiah = 90°), green or grey curve: 
^cm = 110° , (3) red or black curve: a = —3m? {9\a,h = 60°), green or grey curve: ^cm = 75° (4) 
red or black curve: a = — lOm*^ (^lab = 35.1°), green or grey curve: ^cm = 45° , (5) red or black 
curve: a = — lOOm^ (^lab = 11-4°), green or grey curve: Ocm = 15°. In the forward direction 
(^cm = ^lab = 0°) we have a — oo. 

lab frame corresponds to the small range between integration path (1) and (2), whereas the 
forward hemisphere is spread out over a larger range in the physical t — co' plane. The important 
conclusion we may draw from this observation is that qualitative properties of the scattering 
amplitudes found at 6 = 180° are also valid at smaller angles inside the backward hemisphere. 
This means that interference effects found at 6 = 180° are also representative for smaller angles. 

6.4 Dispersion relations for the t-channel 

The t-channel singularities enter into the scattering amplitudes via t-poles as given in the first 
line of Eq. (jl36p . These t-poles have an explicit a or 9 dependence except for 6 = 180° where 
the Eqs. (f85]l and (188]) are valid. Since explicit expressions for the 6 dependence of the t-poles 
have not been derived up to now this will be done in the following. 

As an introduction we consider the well-known case of = 180° and then generalize the 
results by including smaller scattering angles. At ^ = 180° the kinematical constraints are 



su = m 



4 



s + t + u = 2 m?, 



(140) 



being equivalent with 



t = - 




(141) 



s 
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Using ()14ip we have to find the topological manyfold in the complex s-plane where i is a non- 
negative real number. This problem has been solved in [TJIH] where it has been shown that this 
topological manyfold is given by 

s = m2e*" (142) 

leading to 

t = 4m^sin2^. (143) 

This consideration shows that even in the case oi 9 = 180° where the poles of Eqs. (j85p and 
are independent of s the two variables s and t constrain each other. 



It is important to note that the convenient representation ()142p of the topological manifold 
is the only result borrowed from [71|8]. Especially we use different dispersion relations and do 
not make explicit use of the circle ()142p in the complex s-plane. For the following only Eq. ()143p 
is of importance which contains the constraints of the variable t in a transparent way. 

After this introductory remark it is easy to find the corresponding constraints for the case 
of < 180°. First we notice that the condition 

(s - a){u - a) = {a - m^f s + t + u+ = 2m^ (144) 
t {s — m?Y 



is equivalent with 



X 



sin^ ^ s 2 



4m^sin^— . (145) 



This means that for 9 < 180° we have exactly the same kinematical relation as in case of 
9 = 180°, except for the fact that the variable t is replaced by the variable 

t 



sin^ ^ 



(146) 



The t-channel part of the dispersion relation in (I136P may now be written in terms of the 
parameter x instead of the parameter t. The advantage of this parameter transformation is that 
it takes care of the kinematical constraints of Eq. ()144p . Since t is a nonnegative real number 
(|145p implies a constraint in the form 



0<sin2(|j<l, <t<tmax = ^rn^ sin" i^^] . (147) 

x = Am^sm^(^), xq = . , (148) 

V 2 / sm^ (2^) 

A f, a\ KA(^/r^ \ Z"^"^" 5{x-xq) , MjM ^ 1i)9mnn . 2 f ^cm\ ^ 
Ai{t, 9) = M{M 77) gMNN / — -, ax = ^ sm — , (? = 1, 2) 

Jo X — X t — fJ, \ I J 

(149) 

for a meson M with mass ji. The amplitude given in ()149p is the solution of the t-channel 
integral of Eq. (fT36]) . 

Eq. (|147p implies that there exists a further constraint related to the mass of the meson, 
given by 

//2<4m2sin2(^^^ . (150) 

Because of this relation, the finite masses of the mesons imply that the amplitudes Ai{t, 9) (i=l,2) 
vanish below a lower limit of the cm scattering angle. These lower limits are 0iim(7r'^) = 8.2°, 
0iim(r/) = 34.0°, 9\,^{a) = 41.6°, 0ii„,(r/') = 61.3° and 0iim(/o,ao) = 62.9°. 



Then with 



we arrive at 
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6.5 Interference between nucleon and constituent-quark structure Compton 
scattering 



Hyperbolic dispersion relations as outlined above may be applied to a calculation of Compton 
differential cross sections in the whole angular range and for photon energies up to 1 GeV where 
precise photo-absorption cross sections are available. In this way the successful calculations [El- 
[20] in terms of fixed-t dispersions relations could be reproduced by an independent computational 
procedure. 

The most interesting application of course is the study of interference phenomena of constituent- 
quark structure (i-channel) and nucleon-structure (s-channel) Compton scattering amplitudes. 
This will be carried out in the following by investigating the energy dependence of the polar- 
izabilities (a — /?) and ^t^. For this purpose we introduce linear combinations of invariant 



300 pr 




Figure 13: Left panel: Difference of generalized polarizabilities (a — /3)(a;) versus photon energy 
w. Solid curve starting at (a — /3)(0) = —9.4: contribution of the ^33(1232) resonance. Solid 
curve starting at (a — /3)(0) = +3.5: Contribution of the nonresonant £^0+ amplitude. Curves 
starting at (a — /3)(0) = +15.2: t-channel contribution of the a meson calculated for different 
cr-meson masses. Upper curve (dark grey or red): mo- = 800 MeV. Middle curve (grey or green): 
rrif, = 600 MeV. Lower curve (light grey or blue): rxia = 400 MeV. Not shown is the contribution 
of the Di3(1520) resonance which cancels the £^0+ contribution in the relevant energy range from 
400 to 700 MeV. Right panel: Differential cross sections for Compton scattering by the proton 
versus photon energy. The three panels contain data corresponding to the cm-angles of 75°, 90° 
and 125°. The three curves are calculated for different mass parameters ma = 800 MeV (upper, 
dark grey or red), 600 MeV (center, grey or green) and 400 MeV (lower, light grey or blue). 

amplitudes which contain these energy dependent polarizabilities [1]: 

ii(s,n,t) = Ai{s,u,t) - -^A^{s,u,t), (151) 

A2{s, u, t) = A2{s,u,t) + {l--^] A^{s, u, t). (152) 
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Figure 14: Energy dependent backward spinpolarizability 77r(w) versus photon energy uj in the 
lab frame. Curve 1: Contribution due to the £'o+ CGLN ampHtude, curve 2: Contribution due 
to the ^33(1232) resonance, curve 3: t-channel contribution for the proton, curve 4: t-channel 
contribution for the neutron. 



Then the cu-dependent "dynamical" polarizabilities are given by 

1 



(a - I3){u) = {a- py{u:) + (a - /3)'(a;) 



RfiAf^{s,t,a = 0), 



2tt 



77r(w) = 7^(0;) +7* (w) 



1 



Rei5^(s,i,a = 0). 



2tt m 



(153) 
(154) 



In (I153P and (I154p nB denotes that non-Born parts of the respective amplitudes have to be 
taken into account. The cj-dependent "dynamical" polarizabilities are constructed such that 
they coincide with the conventional w-independent polarizabilities in the limits s = m^, u = m^, 
and t = 0. 

The application of hyperbolic dispersion relations for = tt leads to 

(a - I5y{u) = —^V / \ l + 2-F{u',u){a{uj', AP = yes) - a{u' , AP = no)) — , 
I M{a ^ 'y^)gaNN 



27r 



t{ijj) — 



(155) 



1 A^(7r" ^ 77)g^A fAf_ 
2-K m t{uj) — m^o 



-T3, 



(156) 
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with 



Lj'^ + J'^{m/2) _ m 



2 



(157) 



^y^^^) = —l^^ — irT~r^ — /^^ ^ , i \ ^ a;o = m^ + — , 
^« _l_ _)_ + c{ijj) 2m 

, . + 2muj + m? , , , 2ma;2 ,^ 

aiuj) = ; r , biuj) = , (158) 

^ ' 2(m + 2w) ' ^ ^ m + 2w' ^ ' 

c(a;) = rn^^s ^ ^ -4^^. (159) 

^ ^ 2(m + 2w)' ' 1 + 2^ ^ ^ 

The quantity AP denotes parity change (yes) or nonchange (no), the parity factor is P„ = — 1 
for AP = yes and P„ = +1 for AP = no. The function F{u;',u}) contains the uj dependence of 
the s-channel parts of the polarizabihties and converges hke F{u;' ,uj) — t- 1 for u ^ 0. 

The results obtained from the evaluation of Eq. ()155p are shown in the left panel of Figure 
[T31 It is clearly demonstrated that there is a constructive interference in the energy range from 
400 to 700 MeV between the contribution from the P33(1232) resonance and from the t-channel 
due to the a meson as part of the constituent-quark structure. The sum of the two contributions 
depends on the mass of the a meson assumed in the calculation and, therefore, may be used for a 
determination of the cr-meson mass from the differential cross section for Compton scattering. 
This is outlined in the right panel of Figure [13] where the effects of the cr-meson mass are most 
prominent in the backward direction, as expected. The best agreement is obtained for rria = 600 
MeV, being compatible with our present knowledge of the "bare" mass^ of the a meson. As 
pointed out before [l3] the experimental data shown in Figure [13] may be interpreted as a direct 
observation of the a meson while being part of the constituent-quark structure. Furthermore, 
this experiment provides us with the first and only direct determination of the "bare" mass^ of 
the a meson, whereas in all the other observations of the a meson the Breit-Wigner parameters 
or the position of the pole on the second Riemann sheet are determined. 

Eq. (jl54p provides a possibility to study interference effects of the t-channel vr'' contribution 
with the contribution from the P33(1232). Because of the smaller mass of the vr'^ meson as com- 
pared with the a meson the relevant energy range is at lower energies. The interference pattern 
is shown in Figure [M] The largest interference effect is seen in the energy range between 200 
and 300 MeV. In this range the interference is destructive in case of the proton and constructive 
in case of the neutron. 

In Figures [13] and [TJ] we have shown that there are pronounced interference terms from the 
t-channel constributions and the contributions from the P33(1232) resonance for (a — /3)(a;) as 
well as for Jt^{u}). These interference terms in the two cases allow to determine an error for the 
mass nia of the a meson due to uncertainties of the CGLN amplitude representing the P33(1232) 
resonance. The evaluation of 7^^^ and nia- from the data of the LARA experiment |18pi9j were 
based on the SAID-SM99K parameterization, with the MAID2000 parameterization used for 
comparison. The results given in Table [6] were obtained (see also fT]): 

(p) 

Table 6: Evaluation of 77,- and nia using data from the LARA experiment 



SAID-SM99K 


MAID2000 








ll"^ -37.1 


-40.9 


LARA experiment 


m 


[H] 


m„ 600 MeV 


400 MeV 


LARA experiment 


m 


US] 
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where LARA denotes the experiment leading to the results shown in Figure [ni For 7^ ^ the 

SAID-SM99K parameterization leads to agreement with the present recommended value 7^^'* = 

— 36.4zb 1.5 (experiment), -36.6 (predicted) whereas MAID2000 leads to results shifted by 10%. 

By the same procedure mo- is shifted by Am^ = —200 MeV. Since the present recommended 

values are based on the most recent and very precise CGLN amplitudes [2] we can say that 
(p) 

the evaluations of 77r and nia on the bases of the SAID-SM99K parameterization have been 

confirmed on a high level of precision, whereas the use of the MAID2000 parameterization has 

(p) 

been ruled out. Nevertheless, the shifts of the results for 7^^ and m„ can be used for an error 
analysis for mo-. For 7^^^ the error amounts to about 1/3 of the shift and the same should be 
true for mo-. This consideration leads to an error of Amo- = ±70 MeV. Our final result therefore 
is rria = 600 ± 70 MeV. 



7 Summary and discussion 



In the foregoing paper we have outlined the present status of nucleon Compton scattering and 
polarizabilities with emphasis on our present knowledge of spontaneous and dynamical chiral 
symmetry breaking in relation to Compton scattering by the nucleon. An update of the list 
of experimental recommended values for the polarizabilities is given. New results based on the 
experimental value for Op and predicted values for (q„ — Op) are presented which are strongly 
supporting the recommended experimental value for the electric polarizability of the neutron. 
Especially, it appears extremely unlikely that in future high-precisions experiments a neutron 
electric polarizability will be measured which is smaller than the corresponding quantity for 
the proton. New results have been derived for the kinematical constraints of the t-channel 
pole contributions and for hyperbolic dispersion relations. These results have been used to 
study interference effects of scattering amplitudes due to the pion cloud and the ^33(1232) 
resonance (s-channel) with scattering amplitudes due to mesonic components of the structure 
of the constituent quarks (i-channel). It has been shown that scalar and pseudoscalar mesons 
as part of the constituent-quark structure are essential for a quantitative prediction of the 
polarizabilities a, f3 and the spinpolarizability 77^- Furthermore, effects of the a meson while 
being part of the constituent-quark structure are clearly visible in the experimental differential 
cross-section for Compton scattering by the proton. The analysis of experimental differential 
cross-sections in the second resonance region of the proton shows that the "bare" mass^ of the a 
meson is = 600 it 70 MeV, being in agreement with the QLLcrM prediction 664 MeV within 
the margin of the error. 
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